The authors show that a 3-web W (3, 2, r) of codimension r on a (2r)-dimensional manifold X 2r generates a Veronese 3-web V Wt(2, r)if and only if the web W (3, 2, r) is isoclinic. The Veronese web V Wt(2, r) itself is isoclinic (i.e., all its 3-web representatives are isoclinic). This implies that for the coordinate web W (3, 2, r) and for each 3-web representative of V Wt(2, r), the associated almost Grassmann structures are r-semiintegrable. A special class of Veronese webs V Wt(2, r), torsion-free (or paratactical) Veronese webs, is investigated.
Introduction
The notion of a Veronese web (of codimension one) on an n-dimensional manifold X n was introduced in the paper [7] as a natural invariant of bihamiltonian structures of corank one.
In [16] , [9] and [24] the authors defined Veronese webs of any codimension r, r ≥ 1, on an (nr)-dimensional manifold X nr (see also [26] , [17] and [6] for this and other generalizations of Veronese webs).
We present the definition of Veronese webs of codimension r on X nr given in [17] and [24] (see also [16] and [6] ) in the form which is convenient to apply the results from [2] , [5] , [4] , [10] , [11] and [12] .
Let X nr be a differentiable manifold of dimension nr. Suppose that n foliations X 1 , ..., X n of codimension r are given on X nr by completely integrable systems {ω is completely integrable for any t, we say that a Veronese web of codimension r is given on X nr .
Note that the condition of complete integrability of the system of forms ω i (t) has the form dω i (t) ∧ ω 1 (t) ∧ · · · ∧ ω r (t) = 0 for any t.
We shall denote such a web by V W t (n, r). Thus, a Veronese web V W t (n, r) is the set of foliations defined by equations (1) . Note also that the set of foliations defined by equations (1) is also called a Veronese curve of foliations (cf. [17] ).
Using our notation, we can say that the authors of [7] considered Veronese webs V W t (n, 1), and the authors of [16] , [9] and [24] (see also [17] and [6] ) considered Veronese webs V W t (n, r), r ≥ 1.
Definition 2
We shall call the (n + 1)-web W (n + 1, n, r) defined by the foliations {ω Taking d different foliations from family (1), we obtain a d-web representative of the Veronese web V W t (n, r). In [17] , such a d-web representative was called a "classical" d-web. So, a d-web representative is a d-web W (d, n, r) formed by d foliations of set (1) on X nr (see [1] , [5] for n = 2 and [10] , [11] , [12] for n ≥ 2).
Definition 3 An (n + 1)-web W (n + 1, n, r) is called parallelizable if it can be mapped onto an (n + 1)-web formed by n + 1 foliations of parallel (n − 1)r-planes of an (nr)-dimensional affine space A nr . A Veronese web V W t (n, r) is said to be parallelizable if all its (n + 1)-web representatives are parallelizable.
We shall make a few remarks related to the above definitions:
• Only three foliations of the coordinate (n + 1)-web W (n + 1, n, r), namely, the foliations {ω i 1 = 0}, {ω i n = 0}, and {ω i n+1 = 0}, belong to the family of foliations (1) . They correspond to the following values of t: t = 0, ∞, 1.
• By the above remark, if n > 2, then the coordinate (n + 1)-web W (n + 1, n, r) is not an (n+1)-web representative of the Veronese web V W t (n, r).
Only the coordinate 3-web W (3, 2, r) is a 3-web representative of the Veronese web V W t (2, r) which the web W (3, 2, r) generates.
• By Definition 3, a Veronese web V W t (n, r) is not parallelizable if at least one (n + 1)-web representative of V W t (n, r) is not parallelizable.
• The left-hand side of condition (2) is a polynomial of degree (n + 1)(n − 1) with respect to t. In order that condition (2) holds for any t, it is necessary and sufficient that all n 2 coefficients of this polynomial vanish. In addition to these n 2 conditions, there will be other conditions implied by the fact that the exterior products of the forms ω • In all papers on Veronese webs mentioned earlier, the authors defined Veronese webs V W t (n, r) by taking an n-web on X nr determined by n foliations {ω i 1 = 0}, ..., {ω i n = 0} as a coordinate web of V W t (n, r). Such an n-web is always parallelizable. Thus, they did not have the differential consequences of conditions (2) , indicated in our previous remark, and as a result, they did not have a substantial differential geometry of Veronese webs V W t (n, r).
• In our definition, we use an (n + 1)-web W (n + 1, n, r) determined by n + 1 foliations {ω i 1 = 0}, ..., {ω i n = 0}, {ω i n+1 = 0} as a coordinate (n + 1)-web of V W t (n, r). As a result, we obtain the differential consequences of conditions (2) expressed in terms of the torsion tensor of the coordinate web W (n + 1, n, r) and the rich differential geometry of Veronese webs V W t (n, r).
In studying the differential geometry of Veronese webs V W t (n, r), one should consider only such properties of V W t (n, r) which hold for all web representatives of V W t (n, r).
Note that in all papers, in which Veronese webs are discussed (see, for example, [8] , [9] , [16] , [17] , [18] , [19] , [20] , [21] , [22] , [23] , [24] , [6] , [26] ), the authors refer to [7] as the paper in which the Veronese webs were considered at the first time.
The authors of all papers listed above as well as the authors of [7] did not know that the Veronese webs V W t (2, r) on X 2r were first considered as far back as 1974 in [2] (see also [5] , Section 3.2) under the name isoclinic submanifolds of isoclinic 3-webs. Moreover, a special class of the Veronese webs V W t (2, r) on X 2r , the isoclinic submanifolds of the so-called paratactical (or isoclinicly geodesic) 3-webs, was considered in [1] (see also [5] , Section 3.5) in 1969.
Note that in [7] , in the final remark on p. 156 after the definition of Veronese webs V W t(n, 1), the authors wrote: "We can see that on two-dimensional manifolds there exist non-flat Veronese webs (e.g., webs on a plane with nonvanishing 6-angle invariants). The interest of this definition is connected in particular with existence of non-flat Veronese webs for higher dimensions and the rich geometry of these objects."
We will see in the next section that existence of non-flat Veronese webs V W t (2, 1) on X 2 also follows from the results of [2] , and in general, such webs have a nonvanishing invariant K (the curvature).
Except the above mentioned remark in [7] on non-flatness of the Veronese webs V W t (2, 1), the authors of the papers on the Veronese webs listed above did not investigate the differential geometry of the Veronese webs V W t (n, r).
In this paper, we present the known results on the differential geometry of isoclinic three-webs W (3, 2, r) as the differential geometric properties of the Veronese webs V W t (2, r) and show how these properties can be used to solve some problems related to Veronese webs, for example, how to use these properties to prove Zakharevich's conjecture (posed in [25] (see also [26] ) and solved in [17] ; see also [6] ) for n = 2, i.e., for webs V W t (2, r): it is sufficient to check that system (1) is completely integrable for four mutually district values of t of four in order to show that this system is completely integrable for all values of t . At the end of the paper we give a differential-geometric proof of Zakharevich's conjecture for any n > 2. In our opinion, our proof of this conjecture is simpler than that in [17] (see also [6] ). In addition, the proof in [17] is valid only in the real analytic case while our proof is valid in C 2 -category. We prove that a coordinate web W (n + 1, n, r) of codimension r > 1 (or web W (n + 1, n, 1), n > 3, of codimension one) generates a Veronese web V W t (n, r), r > 1 (respectively, V W t (n, 1), n > 3) if and only if the web W (n + 1, n, r), r > 1 (respectively, W (n + 1, n, 1), n > 3), is flat (parallelizable) (see Theorems 18 and 26) . The only nonflat (nonparallelizable) webs of codimension one, which generate Veronese webs, are 4-webs W (4, 3, 1) (see Theorem 21) , and in general they generate nonparallelizable Veronese webs V W t (3, 1) (see Theorem 25) . The existence of nonparallelizable Veronese webs V W t (3, 1) is established in Theorem 24.
We also prove that the Veronese webs V W t (n, r), n > 2, r > 1, and V W t (n, 1), n > 3, are parallelizable (see Theorems 20 and 28).
2 Veronese Webs VW t (2,r)
The Structure Equations of an (n+1)-Web
W (n+1, n, r)
An (n + 1)-web W (n + 1, n, r) of codimension r on X nr is formed by n + 1 foliations {ω i 1 = 0}, ..., {ω i n = 0}, and {ω i 1 + ... + ω i n = 0} of manifolds of codimension r (see [10] or [11] or [12] , Section 1.2, for n ≥ 2, [1] or [5] , Section 1.3, for n = 2, and [4] ).
The forms ω i α , α = 1, ..., n; i = 1, ..., r, satisfy the structure equations
where
The forms θ i j define an affine connection Γ n+1 on the manifold X nr (see [10] or [11] or [12] , Section 1.2, or [4] ). They satisfy the following structure equations:
(see [10] or [11] or [12] , Section 1.2, or [4] 
where a Equations (7) show that if n > 2, the curvature tensor of the web W (n + 1, n, r) is expressed in terms of the covariant derivatives of its torsion tensor and the torsion tensor itself. This is not the case for n = 2 because in formulas (7), γ = α, β.
The above property has the following geometric meaning: if for a web W (n + 1, n, r), n > 2, the torsion tensor vanishes, i.e., a i jk [α, β] = 0, then the web W (n + 1, n, r) is flat (parallelizable), i.e., it can be mapped onto an (n + 1)-web formed by n + 1 foliations of parallel (n − 1)r-planes of an affine space A nr .
2.2
The Structure Equations of a 3-Web W (3, 2, r)
If n = 2, that is, for a 3-web W (3, 2, r), the structure equations (3) and (6) can be written in the form
and
where 
Here the brackets denote the alternation with respect to the indices j, k and l. For example,
The relation (11) [5] , pp. 18-19).
The Definition and the Analytic Characterization of
Veronese Webs VW t (2,r)
Now we shall define the Veronese webs V W t (2, r) on X 2r as they were defined in [2] (see also [5] , Section 3.2).
Consider a 3-web W (3, 2, r) ⊂ X 2r and define its isoclinic submanifolds. Such a submanifold V r is of dimension (or codimension) r, and it is defined by the equations ω
where t is not necessarily constant. Note that in [2] and in [5] (Section 3.2) the system ω i 2 + tω i 1 = 0 was considered. We wrote (12) to make our exposition uniform and consistent with (1). One can see that (12) is a particular case of Veronese curve (1) corresponding to n = 2.
A web W (3, 2, r) is said to be isoclinic if a one-parameter family of isoclinic submanifolds V r passes through any point of the web. The submanifolds V r are called isoclinic submanifolds of W (3, 2, r).
It is clear from the above definition of isoclinic 3-webs and Definition 1 of Veronese webs that the set of foliations (12) is a Veronese web V W t (2, r). This means that the set of isoclinic submanifolds of an isoclinic 3-web W (3, 2, r) considered in [2] (see also [5] , Section 3.2) is a Veronese web V W t (2, r).
In order to find an analytic characterization of isoclinic webs W (3, 2, r), we need to find necessary and sufficient conditions of complete integrability of the system of equations (12) . By (8) and (12) , exterior differentiation of (12) gives
It follows from these equations that on a submanifold V r the differential dt is a linear combination of the basis forms ω i 2 . Suppose that the submanifold V r is not a leaf of the web W (3, 2, r). Then t = 0, ∞, 1, and we can set
Using this equation, we rewrite equation (13) in the form
On V r , the left-hand side of the last equation must be identically equal to zero. This implies that at all points of V r the equations
are satisfied. Note that if r = 2, the torsion tensor can always be written in the form (15) . Therefore, in what follows, we shall distinguish the cases r = 2 and r > 2.
Consider now a 3-web W (3, 2, r) with a torsion tensor of the form (15) . The structure equations of such a web can be written in the form:
It is easy to show (see [2] or [5] , Section 3.2) that the differential prolongations of system (16) has the form
and dθ
The quantities b i jkl , p jk , and q jk are connected by the following relations:
and for r > 2 we get the additional relations:
Now we shall prove the following theorem (cf. Theorem 3.8 on p. 112 in [5] ).
, is isoclinic if and only if its torsion tensor has the special structure (15).
Proof. In fact, if there exists at least one isoclinic submanifold passing through a point p, then, as was shown above, the torsion tensor of the web has the structure (15) at this point.
Conversely, let the torsion tensor of the web W (3, 2, r) has form (15) . Then, if r > 2, in general, relations (20) do not hold on the web. Consider the system of equations (12) and (14) on X 2r . By equations (15) and (20), this system is completely integrable. Therefore, it defines an (r + 1)-parameter family of isoclinic submanifolds. Moreover, a one-parameter family of isoclinic submanifolds, defined by different values of the parameter t, passes through any point of the manifold X 2r . Thus, the web W (3, 2, r) is isoclinic. Consider now the case r = 2. As we noted earlier, in this case the torsion tensor of an arbitrary web W (3, 2, r) can always be written in the form (15) . However, in general, relations (20) do not hold. Thus, for r = 2 the corresponding theorem can be stated as follows (cf. [5] , Theorem 3.9 on p. 113):
Then the torsion tensor of this web can be written in the form (15) . The web W (3, 2, 2) is isoclinic if and only if the covariant derivatives of the co-vector a i are symmetric.
Thus, an isoclinic 3-web W (3, 2, r) generates a Veronese 3-web V W t (2, r) defined by the set of foliations (12) . Moreover, the web W (3, 2, r) itself is one of 3-web representatives of the Veronese web V W t (2, r). The foliations of W (3, 2, r) can be obtained from set (12) by taking t = 0, 1, ∞.
We shall now prove the following theorem.
Theorem 6
The torsion tensor of all 3-web representatives of the Veronese web V W t (2, r) generated by the 3-web W (3, 2, r) has the same structure as the torsion tensor of W (3, 2, r).
Proof. Let us take a 3-web representative of the Veronese 3-web V W t (2, r) defined by the three foliations
It follows from equations (21) that
Taking exterior derivatives of (21), we find that
Because the system of equations σ
Substituting (24) into (23) and applying (22), we get (25) must be equal to zero:
Because the foliation σ 
Substituting (26) into (25), we find that
In a similar way, we find the expression of dσ i 2 :
Equations (27) and (28) can be written in the form
Comparing equations (29), (30) and (31) with equations (16) and (15), we see that the form σ i j is the connection form of the Chern connections of the 3-web defined by the foliations
and the torsion tensor of this 3-web has the form
Equation (32) and Theorem 4 implies the following result.
Corollary 7 All 3-web representatives of the Veronese
Note that if r = 2, then the torsion tensor c i jk of a 3-web representative of V W t (2, 2) can always be written in the form c
As was for a web W (3, 2, 2), we have
, where r jk and s jk are not necessarily symmetric with respect to j and k.
Using the same way we used to find conditions of isoclinicity of the web W (3, 2, 2), we can prove the following corollary. r jk = r kj , s jk = s kj .
The following theorem combines all previous results. Proof. An isoclinic three-web is parallelizable if and only if its torsion and curvature tensors vanish, i.e., if a i = 0 and b i jkl = 0, where b i jkl is the curvature tensor of a three-web (see the end of Section 2.2). Thus in general, all 3-web representatives of a Veronese web V W t (2, r) are not parallelizable. Therefore, by Definition 3, the Veronese web V W t (2, r) is not parallelizable.
Paratactical Veronese Webs PVW t (2,r)
A special class of 3-webs W (3, 2, r), the so-called paratactical 3-webs W (3, 2, r), was considered in [1] (see also [5] , Section 3.5, where such webs were called isoclinicly geodesic).
A 3-web W (3, 2, r) is called paratactical if its torsion tensor vanishes:
One can see that this condition follows from analytic characterization (15) of isoclinic 3-webs W (3, 2, r) if and only if
Note that if the codimension r = 1, i.e., for planar webs W (3, 2, 1), we always have a i jk = 0. This means that a planar web W (3, 2, 1) is always paratactical and generates the Veronese web V W (2, 1).
For the general isoclinic 3-webs W (3, 2, r), equations (24) and (26) imply
For the general paratactical 3-webs W (3, 2, r), it follows from (33) that
Equations (33) and (34) Proof. In fact, if an isoclinic 3-web W (3, 2, r) is paratactical, then a i = 0, equation (33) However, there is a class of paratactical 3-webs W (3, 2, r) for which the 3-web representatives of the Veronese web V W t (2, r) generated by W (3, 2, r) are paratactical. This class is characterized by the equation
We shall denote such 3-webs by P W (3, 2, r). It follows from (34) that for webs P W (3, 2, r) we have dt = 0.
Namely such 3-webs P W (3, 2, r) were considered in [1] as far back as 1969. Proof. The geodesic lines in the Chern connection on X 2r are defined by the equations dω
where d is the symbol of ordinary (not exterior) differentiation, and ρ is an 1-form. The above equations are equivalent to the equations
where (ξ
2 ) is the tangent vector to a geodesic line (see [1] and [5] , Sections 1.7 and 3.5).
Consider now an isoclinic web W (3, 2, r). In general, its r-dimensional isoclinic submanifolds V r are not totally geodesic in the Chern connection. Consider a line l on an isoclinic submanifold V r . By (12), the tangent vector to l has the coordinates (−tξ i , ξ i ). Suppose that the line l is geodesic. Substituting the coordinates (−tξ i , ξ i ) of the tangent vector into equations (35), we obtain the equations
It follows from these equations that dt = 0. Thus t = const . on V r , and equations (14) imply that a i = 0.
Conversely, if a i = 0, then dt = 0, l is geodesic, and V r is totally geodesic.
Note that the parameter t has a simple geometric meaning, namely 1 t is equal to the anharmonic ratio of four vectors three of which are tangent to the leaves of the web W (3, 2, r) passing through the point x, and the fourth one is tangent to the isoclinic submanifold V r defined by equations (12) and also passing through the point x. Note that these four vectors belong to a bivector which is called a transversal bivector. On a paratactical web P W (3, 2, r), this anharmonic ratio is constant along an isoclinic submanifold V r .
Definition 14 A Veronese 3-web V W t (2, r) is called paratactical if all its 3-web representatives are paratactical.
We shall denote such a Veronese 3-web by P V W t (2, r).
Theorem 15
If a coordinate 3-web W (3, 2, r), r > 2, is a paratactical 3-web P W (3, 2, r), then the Veronese web V W t (2, r) is a paratactical web P V W t (2, r).
Proof. In fact, for a 3-web P W (3, 2, r), we have a i = 0 and u i = 0. Now the conclusion of the theorem follows from (32).
Remark that a paratactical 3-web P W (3, 2, r) generates a paratactical Veronese web P V W t (2, r) if and only if system (12) is completely integrable for one constant value of t which is different from 0, 1, ∞. Then this system is completely integrable for any other constant t.
Note also that for the planar webs W (3, 2, 1), structure equations (8) and (9) take the form
112 is the web curvature (cf. [5] , p. 18). This case was noted in [7] (cf. a remark in Introduction).
Finally, note that in [1] an attempt has been made to prove the existence of the paratactical webs P W (3, 2, r) (and consequently, the Veronese webs P V W t (2, r) ). The existence was proved only in the case r = 2, i.e., for the webs P W (3, 2, 2) . The problem of existence of the webs P W (3, 2, r), r > 2 (and consequently, the Veronese webs P V W t (2, r), r > 2) remains open.
Nagy in [15] used contravariant methods to prove some of Akivis' results on multidimensional 3-webs W (3, 2, r) (see [1] and [5] ). In particular, he considered paratactical 3-webs P W (3, 2, r) (he called them torsionless 3-webs) and paratactical Veronese webs P V W t (2, r) without using this term. In [15] Nagy proved also Zakharevich's conjecture for n = 2 in the form in which it was proved by Akivis in [1] . 4 The Proof of Zakharevich's Conjecture for Veronese Webs VW t (2,r)
We shall now apply the results of Section 2 to prove Zakharevich's conjecture for Veronese webs V W t (2, r). In [25] (see also [26] ) Zakharevich conjectured that it is sufficient to check the complete integrability of system (1) for n + 2 mutually distinct values of t in order to show that this system is completely integrable for any value of t. For a Veronese web V W t (2, r), we have n = 2. Thus, the theorem which we are going to prove is: Proof. Consider on X 2r the family of r-dimensional foliations defined by the system of equations ω
depending on a parameter a = a(x), x ⊂ X 2r . Any three of these foliations which are in general position can be defined by the following values of the parameter a: a = 0, ∞, 1. System (36) is completely integrable for these three values of a, and the integral manifolds of the corresponding three systems form a 3-web W (3, 2, r) on X 2r . The conditions of their integrability are equations (8) .
Consider a fourth system from family (36) defined by the value a(x) = 0, ∞, 1; x ⊂ X 2r . Differentiating (36), where a = a, we find the following condition of integrability of the fourth system:
The above two equations imply that
It follows that the curvature tensor a i jk has structure (15). But conditions (15) 
where C = const . These values of the parameter a determine a one-parameter family of (isoclinic) submanifolds V r passing through the point x. Therefore, if on X 2r there are four integrable isoclinic submanifolds from the family (36), then on X 2r there is a one-parameter family of such integrable submanifolds, i.e., X 2r carries a Veronese web V W t (2, r).
Almost Grassmann Structures and Veronese Webs VW t (2,r)
An almost Grassmann structure AG (1, r + 1) is associated with any 3-web W (3, 2, r) (see, for example, [3] or [5] , Section 3.4). Let G(1, r + 1) be the Grassmannian of straight lines of a projective space P r+1 . It admits a bijection into a compact algebraic manifold Ω of dimension 2r of a projective space P N , where N = (all indices u, v, w and z are distinct) if one expands the determinant using the Laplace expansion formula. The equations obtained as a result of such expansions define the manifold Ω in P N . The details can be found in [13] . Let p and q be two straight lines in the space P r+1 intersecting at a point x. They define a plane pencil. A rectilinear generator of the manifold Ω corresponds to this pencil. Similarly, an r-dimensional flat generator of the manifold Ω corresponds to the bundle of straight lines with the vertex at the point x in P r+1 , and a 2-dimensional flat generator of the manifold Ω corresponds to a plane field of straight lines in P r+1 . Consider in P r+1 a set of straight lines intersecting a fixed straight line x. This set (we denote it by K) is a manifold of dimension r + 1. It contains a one-parameter family of bundles of straight lines with vertices on the line x and carries an (r − 1)-parameter family of plane fields whose carriers are 2-planes passing through the point x. Because of this, to the set K there corresponds a cone with the vertex x on the manifold Ω, and this cone carries a one-parameter family of r-dimensional flat generators and an (r − 1)-parameter family of 2-dimensional flat generators. This cone is called the Segre cone and is denoted by C x (2, r). It is the intersection of the manifold Ω and its tangent space T x (Ω).
Consider a manifold X 2r , r ≥ 2, and assign the Segre cone C x (2, r) with the vertex at x to each point of the tangent space T x (X) of any point x ∈ X. We will assume that the field of the Segre cones on X 2r is differentiable. The differential geometric structure on X 2r defined by the field of Segre cones is called an almost Grassmann structure and is denoted by AG(1, r + 1) (cf. [3] or [5] , Section 3.4).
A Segre cone C x (2, r) carries a one-parameter family of r-dimensional flat generators and an (r − 1)-parameter family of two-dimensional flat generators. The Segre cone remains invariant under transformations of the group GL(r)× SL(2) which is a subgroup of the general linear group GL(2r) of transformations of the (2r)-dimensional space T x (X). The group GL(r)× SL(2) is the structure group of the almost Grassmann structure AG (1, r + 1).
On X 2r , the r-dimensional generators of the Segre cones form a (2r + 1)-parameter family, and the two-dimensional generators form a (3r−1)-parameter family.
An almost Grassmann structure AG (1, r + 1) is called r-semiintegrable if on X 2r there is an (r + 1)-parameter family of r-dimensional subvarieties V r which are tangent to the r-dimensional generators mentioned above at each of their points, and each such generator is tangent to one and only one subvariety V r . A 2-semiintegrable almost Grassmann structure and the corresponding subvarieties V 2 can be defined in a similar way. An almost Grassmann structure which is both r-and 2-semiintegrable is called integrable. It can be proved (the proof can be found for example in [14] ) that an integrable almost Grassmann structure AG (1, r + 1) is locally Grassmann, i.e., a neighborhood of any point x of a manifold X 2r carrying such a structure admits a differentiable mapping into the Grassmannian Ω which maps the subvarieties V r into the r-dimensional flat generators of Ω and maps the subvarieties V 2 into the two-dimensional flat generators of Ω. The isoclinicity of a three-web W (3, 2, r) is connected with the r-semiintegrability of the almost Grassmann structure AG (1, r + 1) associated with the web. It follows from the definitions given above that the isoclinicity of a three-web W (3, 2, r) is equivalent to the r-semiintegrability of the almost Grassmann structure AG (1, r + 1) associated with the web W (3, 2, r).
This and Corollary 6 implies the following result. Note that the so-called transversal geodesic 3-webs W (3, 2, r) (see [5] , Section 3.1) are connected with 2-semiintegrable almost Grassmann structures.
6 Veronese Webs VW t (n,r), n¿ 2, r¿ 1 Theorem 18 An (n+1)-web W (n+1, n, r), n ≥ 3, r > 1, generates a Veronese web V W t (n, r) if and only if the web W (n + 1, n, r) is flat (parallelizable).
Proof. We shall consider here the proof for the case n = 3, i.e., for 4-webs W (4, 3, r) ⊂ X 3r . The web W (4, 3, r) is formed by four foliations {ω (3)- (6), where n = 3.
Consider (2r)-dimensional foliation ξ 2r defined by the system of equations
(cf. (1)). A web W (4, 3, r) generates a Veronese web V W t (3, r) if and only if equation (38) is completely integrable for any t. Exterior differentiation of (38) by means of (3) and (38) gives
If t = 0, 1, ∞, then it follows from (39) that
Substituting dt from (40) into (39) and assuming that t = 0, 1, we obtain the following exterior quadratic equation:
Because the exterior products ω
Since equations (43) and (44) must be satisfied for any t, we obtain from them that a
Alternating equations (47) and (48) with respect to j and k, we find that
Assuming that i, j, and k are fixed, we have the system of five homogeneous equations (42), (45), (46), (49) and (50) for five quantities a
The determinant of this system equals one. Thus, the system has only the trivial solution:
Equations (51) show that the quantities a 
It follows from equations (54)- (56) that
Therefore, if r > 1, the four-web W (4, 3, r) is parallelizable (see the remark at the end of Section 2.1).
Note that it follows from our considerations that dt = 0, t = const ., and equation (38) is integrable for any constant t.
Finally, note that the proof for n ≥ 3 can be conducted along the same lines. For fixed i, j and k, there will be
The exterior quadratic equation similar to (41) gives n − 1 relations among a
Because all these relations must be satisfied for any value of t, they give 1 + (2 + 3 + ... + (n − 1)) + (2 + 3 + ... + (n − 1)) + (3 + ... + (n − 1))
(n − 1)(n + 2)] matrix of this system has the maximum value 1 2 (n − 1)(n + 2). Thus, the system has only the trivial solution a
Assuming again that i, j and k are fixed, we have now 
homogeneous equations for them. If n ≥ 3, the rank of the [ 
Theorem 20
The Veronese webs V W t (n, r), n > 2, r > 1, are parallelizable.
Proof. In fact, as we proved in Theorem 18, a web W (n + 1, n, r), n > 2, r > 1, which generates a Veronese web V W t (n, r), is parallelizable, i.e., a i jk [α, β] = 0, α, β = 1, ...,n, and for such a web dt = 0 because a k = b k = .... = e k = 0. Suppose that the first n foliations of an (n + 1)-web representative of V W t (n, r) are defined by the equations
Therefore, the torsion tensor of any (n + 1)-web representative of V W t (n, r) vanishes, the (n + 1)-web representative is parallelizable, and the Veronese web V W t (n, r) itself is parallelizable.
Veronese Webs VW t (3,1)
In this section we consider Veronese webs V W t (n, 1), n ≥ 3, of codimension one on X n . This case was excluded in Theorem 18. First, we consider the case when n = 3, i.e., the Veronese webs V W t (3, 1). In this case the coordinate 4-web is a web W (4, 3, 1) , i, j, k = 1, and (42) and (43) are satisfied identically. Equation (44) becomes
where a[α, β] =a 
Solving equations (59) and (60) with respect to a[α, β], we find that
By (61), structure equations (3) for W (4, 3, 1) take the form
, and equation (40) becomes
Using (62) and (63), it is easy to check that the equation
is completely integrable for any t. These results can be summarized as follows.
Theorem 21
In general, a coordinate 4-web W (4, 3, 1) generating a Veronese web V W t (3, 1) is nonflat (nonparallelizable).
We shall make a few remarks on the components a[α, β] of the torsion tensor of the coordinate the web W (4, 3, 1) which have expressions (61).
• These three components are expressed in terms of two functions a and b.
The functions a and b appeared also in equations (63). It is easy to see that the web W (4, 3, 1) (and consequently the Veronese web V W t (3, 1)) is parallelizable (i.e., its torsion tensor vanishes) if and only if a = b = 0.
• It follows from (62) that for the 3-subweb [1, 2, 4] cut on a leaf of the foliation {ω 3 = 0} by the leaves of other three foliations of W (4, 3, 1), we have 
where Ψ = θ + Differentiating the above equation and applying the equation
(which follows from (62)), we find that
It follows that a = 0. Then consequently b = 0, and the web W (4, 3, 1) (and V W t (3, 1)) is parallelizable. Note that when we assumed that b = ha, where h = 0, we excluded the cases when b = 0, a = 0 or a = 0, b = 0. Proof. For the web W (4, 3, 1), this follows from Theorem 22 if we take h = −4, 2, −1. To prove the result for the Veronese web V W t (3, 1), we take its arbitrary 4-web representative V W t (3, 1). It is defined by the equations
Therefore, the torsion tensor of any 4-web representative of V W t (3, 1) vanishes, the 4-web representative is parallelizable, and the Veronese web V W t (3, 1) itself is parallelizable.
Next we shall prove the existence theorem for the Veronese webs for two cases excluded in Theorem 22 for which b = 0, a = 0 or a = 0, b = 0. 
Differentiating (65), we get
By (64), it follows that
As a result, equation (64) becomes
By (6), the form dθ has the expression
Differentiating equations (62) by means of (66) and (67), we find the components b[α, β] of the curvature tensor of the web W (4, 3, 1):
It follows from (68) that
This is the formula (1.2.39) from the book [12] written for r = 1. By (68), equation (67) takes the form
Exterior differentiation of (66) and (69) leads to the following exterior quadratic and cubic equations:
The system determining the web V W t (3, 1) under consideration consists of the Pfaffian equations (65) and (66), exterior quadratic equation (70) and exterior cubic equation (71). The system is closed under the operation of exterior differentiation.
The only unknown function in exterior equations is ∇a 2 . Thus, q = 1. There is only one exterior quadratic equation (70). Therefore, the first character of the system under consideration is one: s 1 = 1, and consequently s 2 = q − s 1 = 0. This implies that the Cartan number Q = s 1 + 2s 2 = 1. Equation (70) implies that
Substituting (72) into (71) leads to the identity. Therefore, the number N of parameters, on which the most general threedimensional integral element depends, is equal to one: N = 1. It follows that Q = N. Thus, by Cartan's test the system is involutive, and the Veronese webs V W t (3, 1), for which b = 0, a = 0, depend on one arbitrary function of one variable.
The proof for the case a = 0, b = 0 is similar. Remark Because of technical difficulties, the authors were not able to prove the existence theorem for general webs V W t (3, 1): the differential system defining such webs is not in involution and requires a multiple prolongation. However, by Theorem 24, the general webs V W t (3, 1) exist and are not reduced to the parallelizable webs. It is possible (but very unlikely) that such webs are reduced to one of the classes considered in Theorem 24. Our conjecture is that the class of general webs V W t (3, 1) depends on a certain number (greater than one) of functions of one variable.
We shall prove now the following theorem. 8 Veronese Webs VW t (n,1), n¿ 3
Next, we consider the case n > 3. In this case, the following theorem holds.
Theorem 26 A coordinate (n + 1)-web W (n + 1, n, 1), n > 3, generates a Veronese web V W t (n, 1) if and only if the web W (n+1, n, 1) is flat (parallelizable).
Proof. We shall prove this theorem for n = 4, i.e., for 5-webs W (5, 4, 1) . The web W (5, 4, 1) is formed on X 4 by five foliations {ω 1 = 0}, {ω 2 = 0}, {ω 3 = 0}, {ω 4 = 0}, and {ω 1 + ω 2 + ω 3 + ω 4 = 0} of submanifolds of codimension one. For such webs we have equations (3)- (6), where n = 4, r = 1.
Consider three-dimensional foliation ξ 3 defined by the system of equations
A web W (5, 4, 1) generates a Veronese web V W t (4, 1) if and only if equation (73) is completely integrable for any t.
Exterior differentiation of (73) by means of (3) and (73) gives
If t = 0, 1, ∞, then it follows from (74) that
Substituting dt from (75) into (74) and assuming that t = 0, 1, we obtain an exterior quadratic equation. Equating to zero the coefficients in independent exterior products ω 2 ∧ ω 3 , ω 2 ∧ ω 4 and ω 3 ∧ ω 4 , we get the following three equations:
Since equations (76) must be satisfied for any t, we obtain from (76) that
It follows from (80), (81), and (82), (83) that
Then by (85), equations (77) and (79) imply that
Now by (86) and (87), we find from (77)-(84) that
But by (5) we have
It follows from (88) and (89) that
and the coordinate web W (5, 4, 1) is flat (parallellizable). Note that it follows from (75), (86) and (87) that dt = 0, t = const ., and equation (99) is completely integrable for any constant t.
Finally, note that the proof for n ≥ 4 can be given along the same lines. There are Another proof for the case n ≥ 4 is similar to that in Theorem 18. We have Corollary 27 Among the coordinate (n + 1)-webs W (n + 1, n, r), n ≥ 2, r ≥ 1, generating Veronese webs V W t (n, r), n ≥ 2, r ≥ 1, only the webs W (3, 2, r), r ≥ 1, and W (4, 3, 1) are nonflat (nonparallelizable).
Theorem 28
The Veronese webs V W t (n, 1), n > 3, are parallelizable.
Proof. In fact, as we proved in Theorem 26, a web W (n + 1, n, 1), n > 3, which generates a Veronese web V W t (n, 1), is parallelizable, i.e., a[α, β] = 0, α, β = 1, ..., n, and for such a web dt = 0 (i.e., a = b = ... = e = 0). Suppose that the first n foliations of an (n + 1)-web representative of V W t (n, r) are defined by the equations σ α = 0, α = 1, ..., n, where σ α = ω 1 + t α ω 2 + ... + t n−1 α ω n . Then we have dσ α = σ α ∧ θ.
Therefore, the torsion tensor of any (n + 1)-web representative of V W t (n, 1) vanishes, a representative is parallelizable, and the Veronese web V W t (n, 1) itself is parallelizable.
9 The Proof of Zakharevich's Conjecture for Veronese Webs VW t (n,r)
We shall now apply the results of Sections 6 and 7 to give a differential-geometric proof of Zakharevich's conjecture for Veronese webs V W t (n, r), n ≥ 3. As we mentioned earlier, in [25] (see also [26] ) Zakharevich conjectured that it is sufficient to check the complete integrability of system (1) Proof. We shall prove this theorem for n = 3 and r > 1. The proof for n > 3 is similar.
Consider on X 3r the family of r-codimensional foliations defined by the system of equations ω
depending on a parameter a = a(x), x ⊂ X 3r . Take four of these foliations which are in general position and defined by the values a 1 , a 2 , a 3 , and a 4 of the parameter a. System (91) is completely integrable for these values of a, and the integral manifolds of the corresponding four systems form a 4-web of codimension r on X 3r . Consider a system from family (91) defined by the value a(x) = a 1 , a 2 , a 3 , a 4 ; x ⊂ X 3r . Differentiating (91), where a = a, we find the following condition of integrability of the fifth system: where C = const . These values of the parameter a determine a one-parameter family of (isoclinic) submanifolds V r passing through the point x. Therefore, if on X 3r there are five integrable submanifolds from the family (91), then on X 3r there is a one-parameter family of such integrable submanifolds, i.e., X 3r carries a Veronese web V W t (3, r). A similar proof with corresponding changes can be conducted for Veronese webs V W t (3, 1), V W t (n, r), n ≥ 3, r > 1, and V W t (n, 1), n > 3.
